On Field Theory and Some Finsler Spaces 



G.I. Garas'ko 
Russia Electrotechnical Institute, Moscow, Russia 

gri9z@mail.ru 

O ■ February 6, 2008 

O 

(N 

03 ; Abstract 

The paper introduces the approach to construction of the Lagrangian of the field 
(fields). This approach is based solely on the metric function of the Finsler space: 
I the Lagrangian is constructed as the unit divided by the volume swept by the unit 

J> ' vector running through all the points of the indicatrix in the tangent space under the 

. assumption of the tangent space being Euclidean. For the space, which is conformally 

I connected to the Minkowski space, under the assumption of the exponential time 

CN ' dependence and spherically symmetrical coordinates dependence the cosmological 

equation is written, which yields Hubble law for distances from the origin which are 



o 



I much less than the size of the universe. The cosmological equation is written for 



the field describing the universe with the geometry conformally connected to the 
Q^' geometry of polynumbers H(4) with the Berwald-Moore metrics. 

g ! 1 Introduction 

^ [ Both in classical theory [1] and in the theory of quantized fields [2] the most 'convenient' 



X 



method of field equations construction deals with such concepts as Lagrangian, action and 



;h ' the principle of the least action (Hamilton's principle). According to this approach, the 

^ relation is defined unambiguously ^ between continuous transformations (with respect 

to which the action is invariant) and physical laws of conservation, that can be verified 
empirically. 

If x^,x^,x'^,x^ are coordinates, f{x) = f {x^ , x^ , x^ , x^) is a scalar field in Minkowski 
space, and £ , given by 

y^''dx'''dx^'dx^'dxy' 

is the Lagrangian, then the integral of the Lagrangian over certain 4-dimensional volume 
V in space-time, 

4 



/[/] = j 2. dx^dx^dx^dx^ (2) 



V 



1 



is said to be 'action'. Under the assumption, that variations of the field function 6f are 
equal to zero on the boundary of integration domain, and taking into consideration the 
requirement of stationarity of action, 

SI[f] = , (3) 
applying the well-known method, we get Euler-Lagrange equation, the field equation: 

d dSl (9£ 



0. (4) 



Usually Lagrangian is selected with the purpose to obtain finally the given field equa- 
tions, or constructed with the purpose to ensure the desired symmetry and to meet certain 
auxiliary requirements: e.g. when selecting the Lagrangian we may try to obtain the 
linear partial differential equations of second order. Construction of the essentially new 
Lagrangians describing non-linear physical processes reperesents is, in certain sense, a kind 
of 'art'. 

The functional ([2]) may be interpreted from a purely geometrical standpoint: i.e. not 
as the integral (of the Lagrangian £, as the integrand) in the Minkowski space, but as the 
volume in the space (more complex space) with the volume element given by: 

dV = Sl dx^dx^dx^dx^ . (5) 

Consider the Finsler space x^,a;^, ...,x^ [1] with the metric function 

L{dx; x) = L{dx^, dx'^, dx^; x^, x^, x") . (6) 

In this space, let the length element ds be defined by 

ds = L{dx^, dx^, dx^] x^, x^, x") . (7) 

The metric properties of Finsler space may be more evidently described in terms of the 
concept of indicatrix. In every point M(x^,x^, ...,x"') of the main space the indicatrix is 
defined in the corresponding tangent centroaffine space as a hyperspace made 

up from the 'endpoints' of unit radius- vectors ^(i). Points of this hypersurface satisfy the 
equality: 

L(e^e^•••,^;^^a;^...,x") = l. (s) 

If the system of indicatrices is defined in every point of the main space, or (what is the 
same) the sets of unit vectors are defined, the Finsler geometry is defined completely. 
To calculate the length of the vector {dx^,dx'^, ...,dx^), one has to find a unit vector 
co-directional with the vector dx, then the scalar coefficient ds in the relation 

dx' = ds ■ (9) 

will be the length of the vector dx. From the last relation it follows that, the length element 

ds = , (10) 



where |(ix|eu; l^(i)|eu are lengths of vectors {dx^, dx'^, dx") and (^^, respectively, 
calculated as if the spaces dx^, dx"^, dx^ and were Euclidean, and coordinate 

systems employed were Cartesian. 

If under these assumptions, this is possible to calculate the volume of the indicatrix, i.e. 
the n-dimensional volume, swept by the unit vector ^(i) in the tangent space C^,^^, 
running through all the points of the indicatrix, then in the Finsler space it is possible 
(similar to flTUl) ) to define the volume element dV by 

dx^dx^...dx"' 

dV = const ■ — — — r , (11) 

[yindJeu 

where {Vind)eu volume of the indicatrix, calculated under the assumption, that the 

tangent space is Euclidean and the coordinates are Cartesian. This is quite evident, that 
volume element, defined in this way is invariant with respect to coordinate transformations. 
Consider n-dimensional Riemannian space. In this case the metric function is given by 



L{dx]x) = y^Qijdx'^dx^ , (12) 
and the equation of the indicatrix is given by 

9^,e^' = 1 • (13) 

This equation defines the hypersurface of order 2, namely the ellipsoid. If the space 
^" is Euclidean, then the volume of this ellipsoid is equal to 

, const' 

(^md)e. = ^^==^ • (14) 

Substituting the last relation into (fTTj) . we obtain the formula for the volume element in 
an arbitrary Riemannian space: 



dV = const ■ \J det{gij) dx^dx^ ...dx^ , (15) 

This relation is a conventional definition of invariant volume element in the Riemannian 
space. 

For pseudo-Riemannian spaces, when there are no additional constraints on the indi- 
catrix, we get 

{Vind)eu = ^ dV = 0- dx^dx^...dx'' . (16) 

But this is possible to provide the line of reasoning which allows one to propose for pseudo- 
Riemannian space the definition of the invariant volume element in the form, similar to (fT5|) . 
The same reasoning should be provided to obtain the invariant volume element in Finsler 
spaces, where the problem (fT6l) takes place. As a start, we should consider some flat space, 
close to the space, where the volume element should be defined. 

We will provide this reasoning for a particular example: for pseudo-Riemannian space 
with the signature (+, — , — , — ). In this case we will start with Minkowski space x'^, x^, x^, x^, 
with the metric function of the form 

L{dx) = V(rfx0)2 _ (^2;l)2 _ (^2;2)2 _ (^3,3)2 ^ ^^.^ dx'dx^ , (17) 



and with the tangential equation of the indicatrix in the form 



ier - ier - ier - ier = i- (is) 

This equation is of the second order and it defines the hypersurface, which is a hyperboloid 
of two sheets; thus, the problem of calculating the volume of the indicatrix does take place. 
As both the metric function and indicatrix equation are the same for all the point in the 
space, then regardless of how the corresponding integral is regularized, we will obtain a 
real number, the same for all the points in the space . Let us denote this number by 
{Vind)eu- l^ order to obtain the invariant volume element in Minkowski space using (fTTj) . 
the quantity (^nd)eu should be written in the form 

_ , . const' , . 

(V^nd),^ = , . (19) 

/o ' 

—det f 

Now we change the coordinates to curvilinear coordinates X , X , X , X • 

o 

As a result, 9^ will be substituted by g{x')iij', and the volume element in Minkowski space 
in the curvilinear coordinates will be given by 



dV = const ■ ^ —det {g{x')i'j') dx^ dx^ dx^ dx^ , (20) 

but this is still the same Minkowski space. 

Consider the pseudo-Riemannian space which is conformally connected |1] with Minkowski 
space 

ds = K,{x) ■ \J Qij dx^dx^ , (21) 

where n{x) > 0. This space cannot be converted to the Minkowski space by any coordinate 
transform. The indicatrix equation for this pseudo-Riemannian space may be written in 
the form: 

ri \X j 

Comparing ( l22l) with the equation ( |T8l) . one can notice, that the hypersurface, given by 
( l22l) . can be obtained from the hypersurface given by ( fT8l) . via scaling coordinate transform 
with the coefficient Thus, if we assign volume f|T9|) to the indicatrix (fT8|) . then to the 
indicatrix fl22l) we should assign the volume by 

{Vi d) = = (23) 

K\x)^-det (^,) 

where 

g{x),j = k'^{x) Qij ■ (24) 

From the reasoning provided above, it follows that in the pseudo-Riemannian space 
with the metric tensor g{x)ij and the signature (+, — , — , — ) this is possible to define the 
volume element by 

dV = const ■ \J —det {g{x)ij) dx^dx^dx'^dx^ , (25) 



A 



and this corresponds to the approach conventional for GRT[lJ . 

The problem (1161) in pseudo-Riemannian spaces may be handled more rigorously (how- 
ever, this is outside the scope of this paper), but we will have to deal with the spaces that 
are more general than pseudo-Riemannian spaces. This may be explained on the exam- 
ple of Minkowski space. If instead of Minkowski space with the metric function f|T7|l we 
consider the Finsler space with the metric function 



L{dx) = ^{dx^y - {dx^Y - {dx^Y - {dx^Y + q^dx^ (26) 

and the constraint dx^ > 0, where go > 0, then for this space the volume of the indicatrix 
(Vindjeu ^ill t)e a finite real number, depending on the parameter go, such that (yi„rf)g^tends 
to oo, as the parameter go vanishes. 

Thus, we will assume that in any Finsler space, where the problem f|T6l) takes place, this 
problem is solvable. Then, this is possible to claim that if the metric function of this space 
contains certain fields, the geometry of Finsler space yields automatically the Lagrangian 



const 



(27) 



'eu 



and from this Lagrangian one can obtain the field equations. 

Remark. Henceforth the constants which appear in the relations f|TT]) . f|T^ ..... fl27|) will 
be omitted, as these constants are not involved in the the field equations. 

2 The spaces, conformally connected to Euclidean spaces 

In the space conformally connected to n-dimensional Euclidean space, the length ele- 
ment is given by 

ds = k{x) ■ ^/ix^y + (x2)2 + ... + (x'^)2 , (28) 
where k{x) > 0. As in this case the following relation holds, 

^Jdet{g,j) = K^{x), (29) 

the Lagrangian takes the form 

£ = /€"(a;) . (30) 

To construct the field equation with the help of this Lagrangian, it is necessary to 
represent the scalar field n{x) in terms of another field so that the lagrangian will involve 
the derivatives of the new field. A method to achieve this goal is proposed in [5], [6]. 

The generalized momenta in the space (!28|) are given by 

Pi = k(x) — , (31) 

W{x'y + {x^y + - + {x^y 

and the tangential equation of the indicatrix may be written in the form: 

pl+pl + ...+pl-K''ix)=0. (32) 

Consider scalar function S{x), which in the space x^, x^, x^. Let this function define the 
normal congruence of geodesies: in classical mechanics this function is called the 'action 



as a function of coordinates', and in the paper ^ the function S{x) is called the World 
function. This function must satisfy the Hamilton- Jacobi equation 



dS 



dS 



... + 



OS 

dx"- 



K^{x) . 



Thus, 



dx^ J ydx"^ 
and the field equation (jl]) takes the form: 



+ ... + 



A J ^ 

dx' I dx' 



dx^ 



+ 



dx"^ 



... + 



dS 



dS 



(33) 



(34) 



2 



(35) 



Note, that for n > 2 this equation is a non-linear partial differential equation of second 
order. 

For the space, conformally connected to the 2-dimensional Euclidean plain {x,y), the 
equation (I35p may be written in the form 



^ + ^ - 



(36) 



i.e. the function S{x, y) satisfies the Laplace equation; therefore this function is a compo- 
nent of the analytical function of complex variable. Thus, 



n{x,y) 



\dx) \dy ^ 



(37) 



is the factor of the conformal transformation of the length element in the Euclidean space 

ds' = ^(x^^T^y^ = k{x, y) v/x2 + 2/2 (33) 

for the conformal transformation 

x' = u{x, y), y' = ±v{x, y) , (39) 

where the function 5* is one of the components of the analytical function u + iv oi complex 
variable x + iy. 

Now, we will solve the equation (!35|) under the assumption that function S" is a function 

of radius only 

r = ^(a;i)2 + (a;2)2 + ... + (a;")2. (40) 

To find the solution, this will be more convenient, if volume element is represented as a 
function of spherical coordinates. Then, after integration on all the angles, we obtain 



dS_ 

dr 



dr 



dS 
dr 



(41) 



Then the field equation will take the form 



d 
dr 



dS 
dr 



(42) 



Via integration of the last relation, we get 

dS__C 
dr r ' 

where C 7^ 0, tq > are real. Thus, 



^ = Cln- 



dS 



dr 



r 



In this space the geodesies are given by the relations 

■i \/ \ 



(43) 



(44) 



(45) 



where A(x) 7^ is a function, is the parameter derivative of along the geodesic r. Set 
A(x) = r, then the relation (H5l) yields 



X = X . 



x^ = C'x^ 



(46) 
(47) 



Let j > 1, then 

dx^ x^ 
dx^ x^ 

thus, the geodesies in this space are straight lines, going through the origin with the 
directing vector (1, C*^, C*^, C"). 



3 The spaces, conformally connected to pseudo-Euclidean spaces 
with the signature (+, —,—,...,—) 

In the space, which is conformally connected to the n-dimensional pseudo-Euclidean 
space with the signature (+,—,—,...,—) the length element is given by 

ds = k{x) ■ ^{x^y - (a;i)2 - ... - (x"-i)2 , (48) 

where k{x) > 0. As in this case the following relation holds 

^{-ir~^det{g,,)=K'^{x), (49) 

the Lagrangian can be represented in the form 

£ = /t"(x) . (50) 

In order to construct the field equation from this Lagrangian, it is required to express 
the scalar field k{x) via another field so that, the Lagrangian will contain the derivatives 
of the new field [5], [6]. 
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The generalized momenta in the space (I48p are given by: 

K,{x) dx^ k{x) dx^ 



Po 



r0\2 _ (^1\2 



a/^x'^)" - [x^]^ - ... - {X 



r0\2 



A\2 



n-l\2 ' 



(51) 



where /i = 1, 2, {n — 1), and tangential equation of the indicatrix may be represented in 
the form: 

pI-pI-...-pI^,-k\x) = 0. (52) 

The scalar function S{x), which in the space x^,x^, ...,x"'~^ defines the normal congruence 
of geodesies, must satisfy Hamilton- Jacobi equation 



dS 
dx^ 



dS 
dx^ 



dS 



dx 



n-l 



K^i^x) . 



Thus, 



dS 



dS 



^ dx^ J \ dx^ 
and the field equation (jl]) takes the form: 

dS 



dS 



dx 



n— 1 



(53) 



(54) 




dx^ 



dS 
dx'^ 



dS 



-1 



dx'^ 



dS 



(55) 



0. 



Interestingly, that for n > 2 this equation is a non-linear partial differential equations of 
second order and this equation is satisfied if the function S satisfies the eikonal equation 



dSV f dS 



dx^ 



dx"^ 



dS 



dx 



n-l 



0. 



For the field equation (!55|l to be the wave equation, the function S must simultaneously 
satisfy one more condition: 



dSV f dS 



dx'^ 



dx"^ 



OS 
dx"-~ 



const 



For the space conformally connected with the 2-dimensional pseudo-Euclidean plain 
{x,y), the relation fl55l) takes the form 



0, 



(56) 



that is for the two-dimensional case the field equation (|55l) is a wave equation. 

Now we will solve the equation fl55|) under the assumption that the function S depends 
only on the interval 



[X 



1\2 



... — [X 



n-l\2 



(57) 



For this we will consider the volume element, choosing as one of the variables the interval 
s. In the process of integration on hyperbolic angles certain difficulties may take place, 
which are similar to (fT6|l and which can be resolved in the similar way, thus 



„n-l 



dS 



ds 



ds 



dS 



ds 



(58) 



and the field equation takes the form: 



d 




dS 


n-l' 


ds 




ds 





0. 



(59) 



Integrating the last equality, we obtain 

dS _C 
ds s 

where C 7^ 0, sq > are real. Thus, 

k{x) - 



S = C\n- 



So 



(60) 



dS 



ds 



s 



(61) 



The geodesies in this space are given by 



X 



x^" 



dS 
dx^^ 



■X{x) 



(62) 



where X{x) 7^ is a function , x* is a derivative of x* with respect to the evolution parameter 



r, /i = 1, 2, ...,n — 1. Set A(x) 



\c\ 



then from fl62l) it follows that 



= X* 



or 



dx'^ x^ 
dx^ x° 



(63) 
(64) 



that is the geodesies (extremals) in this space are straight lines, 'going' through the origin 
with the directing vector (1, C^, C^, C"). The interval will also change linearly with 
respect to the coordinate x°. 



v/l-(Ci)2-... -(C"-i)2-x°, 



(65) 



x° > 0. 



As we will further use the space, which is conformally connected to the Minkowski 
space, for construction of the cosmological equation, we will provide certain formulae of 

o 

this section for n = 4, using the metric tensor of Minkowski space 9 if 



o 



Relation between the function S{x) and the factor k,{x): 



Lagrangian: 



Field equation: 



o ij dS dS 

9 r r 

dx^ dx^ 



^_ .oij dS dS 
dx^ dx^ 



ki d 



dx'^ 



dS (oH dS dS 



dx^ \ dx'- dx^ 



0. 



(66) 

(67) 
(68) 



4 Model cosmological equation in the space, 

conformally connected to the Minkowski space 

We will write the equation (l68l) under the assumption that the function S is of the form 

^(x°,r) = S'oe~^"V(r), (69) 



where r = y^(x^'p~+~(a?jM-~(aJ^, and 7 , Sq are constant. This is much simpler to 
obtain the field equation of this form, if in relations for volume element instead of spatial 
coordinates ^ the spherical coordinate system is used. After integration on spherical 

angles (omitting the constant), we will obtain the following relation for the Lagrangian 



dS 
dx^ 



dS\ 
dr J 



(70) 



and the field equation will take the form: 



d dS 



dx^ I dx^ 



OS 
dx^ 



dS\ 
dr J 



d 



,dS 



dr I dr 



ds_y _ /as" ' 

dx'^ J \dr 



0. (71) 



Substituting into the last relation the function S{x^,r) fl69|) . we obtain 

2" 



72^2 - ( 



\ dr 



d 




dr 


1 dr 



2 I 2 
7 ^ - 



dr J 



(72) 



Let define the dimensionless variable C, = 'yr, then the last equation may be rewritten in 
the from: 



dip 



d 



Alp 



d^y d^ 



^ ' d^ 



0. 



(73) 



As this equation is homogeneous with respect to the unknown function?/' (^), we will suppose 
the solution to be of the form 



7A(0 = ^oexp y.(Orfe 



(74) 



1 n 



where ipQ is a constant. This constant for construction of the function S is multiphed by 
the constant 5*0, thus we will set ipo = 1- Substituting (1711) into (|75]) . we obtain 



d 



or 



0. 



(75) 
(76) 



There were no success in finding the analytical solution of the last equation. 
For the domain ^ <^ 1 we will find a solution in a form of power series 



~ + + C^^ + O(e^) . (77) 
Substituting this expansion into equation fl76l) . after grouping the terms, we will obtain 

1 



(78) 



The sample bodies (stars) move along the geodesies (extremals) of the space with the 
length element 

ds = k{x\ r) v/(rfa;0)2 _ ^^^y (79) 
and the tangential equation of indicatrix 

pl-pl = K'{x'',r). (80) 

For the field S ( !69|) , fTMl) the scaling factor of conformal transformation may be calculated 
as 



(81) 



From the last relation, it follows that \ip\ < 1. The motion equations in this case will be 
of the form 



X 



dS 
dx'^ 



dS 

X = —-ySX , r = —^r-X = —■yS{p(-yr)X 

or 



(82) 



where the dot represents the total derivative with respect to certain evolution parameter 
r, and an arbitrary function A 7^ 0. Then 



dr 
d^ 



dr 
'dt 



As 1 9? I < 1, then 



dr 



dx^ 



< 1 



and 



dr 



dt 



Cipi^r) . 



< c. 



(83) 



Let consider, the behavior of the velocity of the sample body in the domain ,^ <^ 1, for this 
we substitute flTHl) into the obtained relation: 



dr 
'dt 



C7 ( 1 7^r^ 

5 



(84) 



1 1 



If we denote the Bubble's constant by Hq, then according to the obtained relation the 
Hubble law holds when 'jr < j^, and Hq = cy, and the tendence, how the 'Hubble 
constant' H{r) evolves initially as the distance from the center grows is of the form: 



H{r) = 



■ 



sic 



(85) 



I.e. in the domain ^ -C 1 this constant H{r) decreases as the distance from the origin 
grows. 

To provide any ideas about the size of the universe and the dependence H{r) for 
all possible values of the variable r, this is required to analyze the solution (^(^) of the 
equation (1761) . the solution which (as ^ 0) takes the form (ITHI) . Neither analytically, 
nor numerically we didnot succeed in this analysis, as approaching the value <y9 = 
the behavior of the solution becomes quite complicated (unstable). If we suppose the 
the solution of the equation fl76|) can be obtained and analyzed, then general form of the 
quantity H{r) may be written in the following way: 



H{r) = Ho 



Mo, 



(86) 



If we consider motion trajectories in the space x^, -^^ 
(l69l) . these trajectories will be given by the equations 



^ with the World function S 



dx'' 
d^ 



X 

— , 

r 



that is the motion will be along the rays from the origin, and this means that the sample 
particle move rectilinearly, but certainly the motion will be still non-uniform. 

As the space with the length element fl7^ is a pseudo-Riemannian space with the metric 
tensor 

g,,{x\r) = K^{x\ryl,, (87) 

o 

where 9ij is the metric tensor in the Minkowski space and 



fi;(x°,r) = 'jS\/l — 



then for this space this is possible to calculate the curvature tensor and its contractions, 
and directly from the Einstein equations one may obtain the matter energy-momentum 
tensor Tkm-, which is involved in the Einstein equations and which corresponds to the space 
with the metric tensor ( |87j) . Interestingly, that the equations for the gravitational field, 
certainly, for this energy-momentum tensor will hold automatically, but with the tensor 
Tfcm this is not possible, in general, to associate the laws of conservation of energy and 
momentum. 

Let us introduce a new quantity, which can be employed quite usefully 

a = / const) . (89) 

Then, using the well-known classical formulae, we obtain the expressions for the connec- 
tivity object: 

1 f da ■ da ■ ois da o \ 

r^l + T^^i- 9 T^9u]. (90) 



kl 



2 \dx^ 



dx^ 



dx^ 



1 o 



curvature tensor: 



1 / (9^a „• d'^a ■ ois d'^a o ois d'^a 



1 f da da ^ da da ^ ons da ^ o 

4 \d^d^ ' ~ a? ™~ ^ d^d^ ^ ^^"^ ^ 

da o ois Q(x ons Qa da : o da o ois Qa 



9km + 9 TTZZTTZ 9kl + 



dx'- dx^ (9x" dx^ ™ dx"^ dx 

Ricci tensor: 

Rkm = Rklm — 

1 / 2 d'^a ons [fa o da da ons Qa da o 

2 V dx'^dx"^ dx'^dx'^ dx'' dx"^ dx"^ dx^ " 



(91) 



(92) 



scalar curvature of the space: 

^ _ gkm^ _ 1 '^^'^ ^ _ 3 "g^"^ "g^"^ \ (^93-) 

™ ^2 \ dx'^dx"^ dx'' dx"^ J ' 

matter energy-momentum tensor: 

where k is the gravitation constant. Hence, 

1 okm 

T = g'^^Tkm = -2 9 Tum = ■ (95) 

But using the 'independence' on the Einstain gravitation field equations, we can cal- 
culate the full energy-momentum tensor Tkm- For the Lagrangian of the field £, (1671) we 
obtain 

^ d^d2_ _ . ^ 4 f dids_ fors as as \ _ , fors as as ^ 
- dx"^ d§r dx"^ V Sx'^ y " V Sx'- ' ' ^ ^ 

after contraction on 2 used indices, we get 



f^^O. (97) 
Finally, one may note that the tensors Tkm and T^m are essentially different. 



1 Q 



5 The space, conformally connected 

to 4-dimensional Berwald-Moore space 

The length element in this space (in the special isotropic basis) will have the form 
The generalized momenta will satisfy the relations 

p^ = r^o — — ■ (99) 

If vi^^rf-i f]^, f]'^ are coordinates of tangent centroaffine space in the point M(^^, ^^) 
of the main space, then the indicatrix equation will have the form 

vWvV = ^ , (100) 

and the tangential equation of indicatrix will have e.g. the form, 

P1P2P3P4 = ■ (101) 

Then the function S*, defines normal congruence of geodesies, and satisfies the following 
non-linear partial differential equation 



dS dS dS dS _ 
From the relation fllOOp we obtain that 



(102) 



{Vind)eu = const ■ \ . (103) 



Thus, the Lagrangian of the scalar field S will have the form: 

^ dS dS dS dS 



de 

Correspondingly, the field equation will take the form 



(104) 



d f dS dS dS\ _d_ f dS_dS_dS_\ _d_ f dS_dS_dS_\ d f dS dS dS ' 



(105) 

Any function 5", which depends on not all the coordinates satisfies this equation. 

Let the field S depend on only one variable 

Substituting S{s) into the field equation fllOSp and using the formula 



1 A 



we obtain 

d f dS 



, s— 1 =0. (108) 
ds \ ds 

The same equation may be obtained easier, if the volume element 

dV = ^dS}di^di^di^ , (109) 

is written, as a function of variable s and three angular variables. After integration of this 
element over the angles we obtain 

dVs = s^(^^\s. (110) 

Via integration of the equation (11081) . we get 

^(s) = ^oln-, (111) 
So 

where 5*0, Sq are constants of integration, and also the relation for the factor k, 

K=^-^. (112) 

s 

This is quite interesting to compare the last two relations with the relations fH3l) . fj44l) and 

dsoD, dnn). 

Now we will find the trajectories of the motion of sample particles in the four-dimensional 
Berwald- Moore space, if the function S", defining the congruence of geodesies, has the form 
(imp , i.e. the factor satisfies the relation (I112p . The motion equations in this case will 
have the form 

dS dS dS dS 

r^S^f^AK). (113) 

where A (^) 7^ is a certain scalar function. Taking into consideration the relation (11071) 
and via appropriate selection of A(.^), motion equations may take a more simple form 

C = C- (114) 

Set the variable 

which in the four-dimensional Berwald-Moore plays the same role as the coordinate x° in 
the Minkowski space, then 

- (116) 

where ci-re constant. Thus, all the motion trajectories are straight lines, passing through 
the origin, and the motion of sample bodies will be uniform and rectilinear , with respect 
to the time variable x^. 
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Conclusion 



The proposed new approach of the non-ambiguous construction of the field Lagrangians 
basing on the metric function of the Finsler space requires that the fields which are in- 
volved in the Lagrangian without their partial derivatives with respect to coordinates, are 
expressed via other fields so that these partial derivatives over coordinates are involved 
in the Lagrangian, otherwise, this is not possible to obtain the field equations as partial 
differential equations. Thus, the 'art' of Lagrangian construction is replaced with the 'art' 
of representation of physical fields using other fields. 

For n-dimensional Riemannian or pseudo-Riemannian spaces with the metric tensor 
gij{x), the Lagrangian is given by 

2^^\det{gij{x))\. 

The metric tensor gij{x) may be represented, for example, in the following form: 



a=l 



here e^a) = ±1 are independent sign multiplicands, f{a){x) are scalar functions, and N >n. 
U N < n, then det {gij{x)) = 0. 
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